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Abstract 

We show that cores of ideals do not preserve the inclusion. 

Huneke and Swanson[2] raised the question of whether, given integrally 
closed ideals I C I' in a ring R, it is necessarily true that core(I) C core(J'). 
Hyry and Smith [H Corollary 5.5.1] gave a partial answer. The purpose of this 
note is to show that the answer is no in general. Although the simplest coun- 
terexample is a principal ideal I which is contained in a power I' of a maximal 
ideal, we are more interested in the case when both I and I' have the same 
height. 

Let R = k[x, y, z, w]r XiViZiW ) with k a field of characteristic zero and let m 
denote the maximal ideal of R. Let / = /2+rn 3 , where I2 = (x 2 +yw, y 2 +zw, z 2 + 
xw). The computer algebra system Macaulay shows that I2 is radical. Then it is 
not hard to check that / is integrally closed (see jTj Lemma 2.1]). It follows from 
[8] or [3] that core(I) = J n+1 : I n , where J = (x 2 + yw,y 2 + zw,z 2 + xw,w 3 ) and 
n is the least integer such that I n+1 = JI n . In fact J is a minimal reduction of 
/ and the computer algebra system Macaulay shows I 2 = JI. 

On the other hand, if we take /' = m 2 so that I C I', then core(J') = 
corc(m 2 ) = m 5 by [51 Theorem 1.3] or [1] Proposition 4.2]. But the computer 
algebra system Macaulay shows that core(J) — J 2 : I = I 2 <f_ m 5 , therefore 
core(I) <f_ core(i'). This gives a negative answer to the above question. 

More generally, we have the following conjecture. 

Conjecture 1. Let R = k[xi, ...,x n ]i Xl Xn -\ with k a field of characteristic 
zero and let m denote the maximal ideal of R. Let L = I4 + m d+1 , where Id is a 
complete intersection ideal of s general d-forms (1 < s < ri). Let b = \_ dn d ~+^~ 1 \ 
and a = dn — s + 1 — (d + 1)6. Then 

core(J) = m a / b . 

Theorem 2. The conjecture holds true for d = 1. 

Proof. Let X = Speci?. By 0] Corollary 5.3.1], we have 

core(J) = J(X,n-I). 

To get the simplest log resolution /1 : X2 — > X\ — > X of (X, I) , we blow up X 
at the origin, and then blow up the resulting surface Xi along the intersection 
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of the exceptional divisor, say Ei , and the proper transform of the linear space 
defined by I\. Let E 2 C X 2 denote the second exceptional divisor. Then, using 
the notations in [HI Definition 9.2.3], we get 

K X2 /x = (n- + (n + s - 1)E 2 , I ■ Ox 2 — Ox 2 (~E 1 - 2E 2 ), 

so 

J(X, n-I) = n*O x . 2 ({n - l)E 1 + (n + s - l)E 2 - n(E 1 + 2E 2 )) 
= ^Ox 2 {-E 1 -{n-s + l)E 2 ) 
= m "- s + 1 - 2 L :l T ±i J/L i T ±i J . 

□ 

Remark 3. In the situation of the above conjecture, if d > 2 then core(I) and 
J(n ■ I) do not agree in general. But the above example leads to the following 
question. 

If we define the deeper- core of / C R by 

deeper-core(I) = core(J), 
JdI 

then is 

deeper-core(J) = J^Speci?, n ■ I) 

always true? 

The author is grateful to Craig Huneke, Rob Lazarsfeld, Karen Smith and 
Irena Swanson for valuable discussions and correspondence. He would like to 
thank the referee for the helpful suggestion. 
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